stichting
mathematisch
‘centrum MC
AFDELING NUMERIEKE WISKUNDE NW 116/81 NOVEMBER

(DEPARTMENT OF NUMERICAL MATHEMATICS)
P.J. VAN DER HOUWEN

DEFECT CORRECTION ITERATION AND SPLITTING METHODS FOR
TIME-DEPENDENT PARTIAL DIFFERENTIAL EQUATIONS

Preprint

kruislaan 413 1098 SJ amsterdam




Printed at the Mathematical Centre, 413 Kuwisfaan, Amsterdam.

The Mathematical Centre , founded the 11-th of February 1946, is a non-
progit institution aiming at the promotion of pure mathematics and its
applications. 1t is sponsored by the Netherlands Government through the
Netherlands Onganization for the Advancement of Pure Research (Z.W.0.).

1980 Mathematics subject classification: 65M10, 65M20




efect correction iteration and splitting methods for time-dependent

)

. . . . *
artial differential equations

.J. van der Houwen

BSTRACT

Nonlinear defect correction iteration is applied for solving the im-
licit relations which arise when an implicit linear multistep method is
sed in order to integrate semi-discrete initial value problems for partial
ifferential equations. The approximate inverse occurring in the defect
orrection process is obtained by employing splitting methods. In order to
ccelerate convergence second degree Chebyshev iteration is used which is
uned in such a way that the lower frequencies in the iteration error are

trongly damped without using a large number of iterationms.
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INTRODUCTION

Consider an initial-boundary value problem in two space dimensions and
;sume that this problem can be semi-discretized (by finite differences or
mnite element methods) into an explicit system of ordinary differential

juations of the form
.1) Lz:f(tsY)’ v 2 1’

lere the boundary conditions are lumped into the right hand side and the

1itial condition is of the form

i .
.2) Cley =y$, 1= 0,00
dt
: assume that the Jacobian matrix 3£f/3y has negative eigenvalues.
Suppose that a linear multistep method is chosen for the integration of
l.1). Then in each integration step we have to solve a, usually nonlinear,

rstem of equations of the form

K
v _ _ v
1.3) y=bT £(t ,5¥) = QZ][azyn+1_2 LI S CHMIS AN B B

iere T is the stepsize t t s Y, the numerical approximation to y(tn)

n+l n
d {al,bz} coefficients specifying the k-step method chosen. The solution
I (1.3) is denoted by n, the approximation to n obtained in actual computa-

lon by y_,,. We will write (1.3) in the compact form

n+l

[.3") Ly = Z.

In this paper we analyse a special class of nonlinear defect correction
ceration methods for solving (1.3'). The special features of this iteration
rocess are (i) the application of second degree Chebyshev iteration,

ii) the use of splitting functions in the definition of the approximate
werse of L, (iii) the strong damping of the lower frequencies by the

pplification operator and (iv) the first order comsistency of the iteration




isult after (say) m iterations as T - 0 for fixed damping factors.

Since for computational reasons, one wishes a relatively low number of
:erations, the iteration result may differ considerably from the solution
! equation (1.3). Therefore, we will also consider the stability of the
:eration result for a class of model problems.

In the near future, numerical experiments will be reported comparing

1e’method proposed in this paper with conventional splitting methods.
. DEFECT CORRECTION ITERATION
Suppose we want to solve the problem
2. 1) Ly = I,
lere L is a (nonlinear) operator in Ig: and ¥ a given vector. We will

ssume that L has an inverse L_]. For such problems one may define the

onlinear) defect correction step (cf. STETTER [7] and HEMKER [2])

4 . 1~ . 1 .
).2) O 2 @) LIS g9y 255 5 20,1,

N 1 3]
1ere y(o) is an approximation to the solution n of (2.1), Ej are approxima-

. ~—1 . . -
tons to I and Lj are approximations to L 1.
In this paper we will consider the two-step version of nonlinear defect

rrection iteration. This may be defined by

(j+1) (3) (G-1 ~=1 < (3) ~=1y
) = - - -
2.3) y ujy + (1 uj)y + Aj[Lj (Z+Zj Ly ) Lj Zj],

1ere uj and Aj are parameters which will be used in order to accelerate
1e convergence.

If the operators f}l and L are differentiable then the iteration error

i = y(J)—n of (2.3) satisfies a relation.of the form

~—1 2
2.4 . = ~Ax. (L. e .+ (1. . + 0o(le.l
) €141 [uJ J( ; ) ]eJ ( UJ)EJ_1 ( € )
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there (Egl)' and L' denote the derivatives (Jacobian matrices) of the opera-

o} o E}l and L evaluated at Ej and n, rsfgectively. We remark that the
iecond order term in (2.4) vanishes if L. and L are affine operators.

In the analysis of the error equation (2.4) it turns out that we often
:annot explicitly derive the matrix (E;l)' whereas the matrix (fj)_l is

‘ather easily obtained. Therefore, we prove the following theorem.

'HEOREM 2.1. Let the operators L, Ej and fgl have bounded derivatives and
et i3 be nonsingular. If we choose

) ~ ~ (J)
2.5 T. = L.
2.5) i ;Y

then the iteration error satisfies the recurrence relation

1

Jt+

. ' = - Ty~
2.4") €41 [uj Aj(Lj) 1

2
L'Je. + (1-u.)e. o(le.l®),
]eJ ( uJ)ej_ + 0( €; )

here Ej and L' are evaluated at n.

'ROOF. If Ej is of the form (2.5) we can write (2.3) in the form

(G+1) ) G-
- . - u.y - (1-u))y o . .
L_<y<3> .2 k ] Cr e Ty @ i,
J Aj J

'rom this representation it is immediate that

€. ,—u.e.= (I-u.)e. <, —H.e. = (1-u.)e. 2
g,< RS O A T + 0 "€J+1 ks B D ) -
i y s 1

2
= -L'e. + o(le.l
i (EJ )s

there Eg and L' are evaluated at y(J) and n, respectively. Substitution of

2.4) yields

j—l) ~=10vr e 12y
+ O(II(Lj )'L ejﬂ )

€. -u.e.= (1=-u.)e
f,( e e
j y

2
= =L'«. + o(le.lI®),
J ( J )

'rom the boundedness of L', fg and (Egl)' equation (2.4') is immediate. [J




In this paper it will be assumed that Ej is defined by (2.5).

..1. Chebyshev iteration

In the special case where Zi does not depend on j and Egl, L are affine,

‘he process (2.3) reduces to the familiar polynomial iteration method [12].

re find

2.4" €. =P

-1 .
1 v =
Jll jll(L L)EO’ J 0913""

there Pj is a polynomial of degree j in E'—IL' generated by the recurrence

relation
\2'6) PO(U') =1, Pj+1(a) = (Uj_kja)Pj(u)*’ (l_uj)Pj“l(a)’ J=0’15"' °

Je will assume that the Zteration matrix i'—lL' has its eigenvalues o in
-he positive interval [a,b]. Then all eigenvector components in the itera-
-ion error corresponding to eigenvalues in the interval [a,b] are maximally
lamped if we choose
Tj(wO

Tj (WO)

w,0) b+a 2

= — w I

( = -
(2.7) Pj(a) s VYo T pea’ 1 a-b°

3ince T. satisfies a recurrence relation of the form (2.6) we can find
axpressions for the parameters uj and Aj. The resulting method is the
vell-known Richardson method [12] (or Chebyshev iteration method) applied
to the preconditioned problem (E;l does not depend on j because it is affine)

(2.1") Ty = 7715,

If fé—l does not depend on j but f}l, T are nonlinear, we formally may
define the parameters uj and kj by (2.6) and (2.7). Then, neglecting second
order terms, (2.4") presents a first order approximatinn to the error equa-

(0)

tions. Thus, for sufficiently close initial approximations y the error
equation (2.4") can be used in the analysis of the iteration process.

In this paper it will be assumed that ij does not depend on j.




.2. Damping of low frequencies and consistency

In the usual application of iteration processes of the form (2.3), one
hooses the parameters such that all frequencies in the initial error
0= y(o)-n are damped by roughly the same factor. However, if the problem
2.1) originates from a partial differential equation, then often the solu-
ion mainly consists of low frequency modes so that one chooses the dis-
rete problem (2.1) such that its solution n does not contain high frequen-

ies (for example, the backward differentiation formulas). Thus, if the

(0) (0)

nitial approximation y does not contain high frequencies (e.g. if y

s obtained by extrapolation of preceding Yo values) then €9 will also be
ree of high frequencies. In such cases only the low frequencies should be
trongly damped whereas the high frequencies need only marginal damping. If
he low frequencies correspond to large eigenvalues of the iteration matrix
his can be achieved by choosing a »a and b = b where [a,b] denotes the
positive) spectrum of the iteration matrix. As a consequence, the damping

f the low frequencies increases considerably as is immediately clear from

2.7) which yields the damping factor D defined by

-1
2.8) D := max le(a)I = T;l(%;g) ' {cosh(Zn{S/B%z-+ 0(5%3)]>}

a<o<b

1

s a/(b-a) <1 (< .025 say). It turns out that in most applications a/(b-a)
s rather small so that for prescribed damping D the number of iterations

| can be found from the approximate expression for D, i.e.

b-a 1
1\ / S
3 3 arcosh 5

It is the purpose of this paper to derive iteration processes of the

2.8") m

e

‘orm (2.3) which strongly damp the low frequency modes and which have a
iodest damping of the higher frequencies. In the analysis we assume that

mly a few iterations are performed, otherwise the method becomes too

(m)

xpensive, As a consequence, y may differ considerably from the solution

f (1.3). This implies that one should consider the consistency of the

(m) (m)

esult y as T + 0, Evidently, the local error y

“y(t ) at t,

onsists of the local error n-y(t ) of the generating multistep formula

n+1
nd the iteration error € approximately given by (2.4"). Let the matrix




"7 'L' converge to the matrix aOI as T > 0, i.e.

-1

2.9) L' = oyl + t'B(r), r=1,

there B(t) is a nonvanishing, uniformly bounded matrix as t -+ 0. Then

>l = | oy
€, = Pm(L L)eO [Pm(aO)Ii-T Pm(aO)B(T)+
2.10)

£t er"(a B2 (1) + ...]so+0(llg0112).

'rom the definition (2.7) of Pm(a) we derive that

€ = T;l(WO)ETm(WO+W1 O)-Fw T' (W W, O)TrB(T) +

2.10")
4'%W%T;(W +w aO)T ] (1)4-...]eo-FO(“80“2).

ntroducing the damping factor D and observing that

-2 2 m/2
W, o= > - =

bR ewar

7e obtain
[ T =
———— |
ﬂemﬂ < Dtle(w +w ao)[ + - ITm(w0+wla0)|“B(T)ﬂ +

2.11) D/2

r 2

T = 2 2

+ %( ) IT;(WO+W1QO)["B(T)“ +...]u€0"-+O(HeOH ),
D/2

fhere B(t) denotes the "normalized" matrix 2B(T)/[/§4/§]2

;0 be a given number independent of T (e.g. D = 1/10).

and D is assumed

The estimate (2.11) is suitable for practical use if T is sufficient-
.y small, i.e.

_ m
'2.12) f < llB(T)ll\/—g .

n this range of integration steps the iteration error e, can be decreased




£ we are able to choose Tm(w0+wla0) =0, i.e.

2.13) W+ W o, = cos zgllﬂy £ e {0,1,...,m1},
T equivalently
ZaO-Fb[cos 2§;I1r— 1]
2.13") a= TS| , % € {0,1,...,m1},
: cos——m+ 1
2m
'here we assume
, 22+1
'2.14) b > ay > 1p(1 - cos o ™).

wubstitution of (2.13) into (2.11) and using the relation
WARE SO
1 = _—
Tm(w) m 5
1-w

‘ields

r, = r= 2
2.15) e I < D[ m L -TGOLIN 0/[1__1?_(:51] )]“e I, ast=o0.

sin 2;’;1 1T WD/Z VD/Z 0’

Firstly, this estimate shows that for fixed damping factor D

Iy ™oy(e_, o1 = lel + 0GPy < 0GP+ V) 55 1 50,

there p and q are the orders of consistency of the generating multistep

(0)

ilethod and of the predictor formula used for y . Thus the order of con-

iistency S is given by
'2.16) P = min{p,q+r}.

lotice that ; = min{p,q}if the consistency condition (2.13) is not satis-
‘ied.

Secondly, we observe that for given D the value of m should be mini-
1ized, that is in (2.8') the value of (b-a)/a should be made as small as

ossible. In view of (2.13') this means that




b-a b-a,
20+1
2a0 + b(cos e T=1)

hould be minimized. This implies that £ = 0 is the best choice.

'« THE APPROXIMATE INVERSE

In order to define the approximate inverse igl for the problem (1.1)
‘e use the formalism developed in [4] and introduce the splitting function

‘(t,u,v) which is such that
3.1) F(t’YaY) —:-kf(taY)-

'his rather general splitting function includes a number of well-known
plittings such as the ADI splittings [6] and the hopscotch splittings [1].
t is convenient to introduce the Jacobian matrices

v oF v oF

T

3.2) Zl = b0 3’ 22 = bOT 5’ Z = Zl-+Zz,

hich are both evaluated at (t ,N,Nn). The eigenvalues of Zi’ Z will be

n+l
enoted by zs and z, respectively. We assume that Z has negative eigen-—
‘alues in the interval [-S,0) and that the algebraicly large eigenvalues
orrespond to eigenvectors of low frequency. The spectral radius of 3f/dy

s given by S/borv and will be denoted by o.

.1, Successive corrections

.1.1. One-stage approximations

A relatively simple class of methods is based on the approximate

nverse f}l: L > y defined by the one-stage formula
33wy ey on Vv vy =5 wto,

hich leads to the (stationary) iteration matrix




-1

~ -1
1 (. - - -
3.4) L L' = [w le [T Z1 ZZJ.

'xamples of splitting functions which are suitable for use in (3.3) are f
‘acobi and Gauss—Seidel splittings.

By writing (3.4) in the form (2.9), that is
v 9F,-1_w-1 3F oF
T _— +

7L —

0 du w ou v

3.4") Tl o 1o byt Lu-b 1,

€

re see that ag = 1/w, * = v and that B(t) is uniformly bounded as T - O.

lence, the error equation (2.15) applies provided that (2.14) holds:

2
(22+1)mw, °
s 2m )

3.5) %< w <
b(1l-co
lithin this range of w-values we try to minimize the factor (b-a)/b in
'2.8"). In addition, however, we require that the interval [a,b] contain:
sufficiently many eigenvalues of eigenvectors of low frequency.

Let us consider the important case where Z, is given by

1

'3.6) Zl = —-0SI.
‘hen

2 + wb(cos 2;;] T=1) _ 1 +5s _ 1
3.7) a= e , b=Db = T7es’ 2 57es’

2
w(cos o T + 1)

'he eigenvalues corresponding to the lower frequencies are in the neighb:
10ood of a. In Figure 3.1 the corresponding polynomial Pm(u) is illustrat

‘or m = 6.

" 'Fig, 3.1 The polynomial Pm(a) for m = 6,
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If & = 0 the iteration process does not contain implicit relations and
zan be considered as an explicit Runge-Kutta method of a special form.
Related methods were analysed in [5j. If 6 # 0, e.g. 6 = }, the iteration
>rocess only contains scalarly implicit relations which may be attractive
from a computational point of View (notice that this process is identical
co nonlinear Jacobi iteration if diagl3f/9y] = -6SI). However, from Figure
3.1 we conclude that choosing (b-a)/b small means that all eigenvectors of
low frequency are not damped unless 6S is so small that a ¥ a. In practice,
S = ebOTvG is usually rather large because the integration step T is much

-1/v

jreater than o » 0 being the spectral radius of 3f/dy. Hence in order to

lamp low frequencies we should choose w such that a = a, that is

'3.8) 0 = 26 )

22+1
1 - cos ™
2m

'his value for w satisfies the inequality (3.5) for all 6 > 0. The asymp-
:otic error estimate is given by (2.15) where m is determined by (2.8"),
l.e.

3.9) m = /S arcosh(]-lj) = /s ln% as S »1 and D < 1.

Inless D = 1 this value for m is extremely large because of the usually

.arge values of S.

}o1.2. Two-stage approximations

In this section iteration matrices are considered of which the large
rigenvalues correspond to eigenvectors of low frequency. This enables us to
jet a strong damping of the lower frequencies without an extremely large

wmber of iterations.

Consider the operator f}l: I > y defined by the two-stage formula

* v *
wy + (I—w)y - bOT F(tn+1,y,y ) = I,

3.11) : w# 0,5,

N . .
wy + (l—w)y(J) - bOTvF(tn+1,y(J),y*) =1,




I1
mentary calculation leads to the iteration matrix

L7 = uDlw-2,1 Tw-2,1" [1-2, -2,].

1 2

'y writing (3.11) in the form (2.9) we see that

_ 2w-1

0 27
w

o

lat B(t) is uniformly bounded as t - 0. Thus, (2.15) holds provided
nequality (2.14) is satisfied.‘This inequality gives an interval of
les and within this interval one should try to minimize the factor
'b occurring in (2.8"') and at the same time to include sufficiently
vigenvalues of low frequency eigenvectors in the interval [a,b].

‘n the following we consider in more details the model problem where
w=Z; share the same eigensystem of which the eigenvectors of low
;ncy correspond to eigenvalues of small magnitude. Then from (2.13")

}.12) we find (with 2 = 0)

2 (20-1) +w’b (cos ———1)
1) a = 2m
wz(cos 24 1) ’
2m
5 = (Zw—l)—zsj-]—z-, E = Zw_l %{l’
(S+0) w w

we have assumed that a < ag < b, that is

1 <w < 01 +/25+17].

S is usually rather large we choose instead of b = b

1) b = > b =
w

_ 2w-1 = _ 2wl 1
o [1-+O(s)] as S - o,

ure 3.2 the corresponding polynomial Pm(u) is illustrated for S > 1,




|

T i ~— 2“\\_//‘ _""1] o
0 a=2(2w-1)/S 0L0=(2w-1)/w
2+w(cos —E——l)
Q= Zw;l 1T2m b = 2p~1
w cos' 5 + 1 w

2m

Fig, 3.2 The polynomial Pm(a) for S » 1

vidently, the low frequency eigenvectors have eigenvalues in the neighbour-
ood of g which is different from the situation in the preceding section
here these eigenvalues are in the neighbourhood of a. In order to see what
igenvalues correspond to the damped eigenvectors we show in Figure 3.3 in

he (zl,zz)-plane the region corresponding to the interval a < o < b,

z

2
* 0
—S L A Z
- + = 7 1
: ’7
L,
- s
/
2w-1

*

Fig. 3.3 Region of damping in the (zl,zz)-plane.

'he magnitude of this damping region can be characterized by the quantity

'3.17) g* .- w(l+vV1l -a) -1 , Q< ngl
1-v1l-a w
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(the inequality for a follows from a(0,0) > a).

Let S* be prescribed then

o < (2u-1) (257+1)

(3.17")
(S*+w)2

, 1 < w < §[1+v/28%+1]

and from (3.14a) we find that w should satisfy the (consistency) equation

(3.18) (28*+1) (cos 5%4-1)w2 = [2 +w(cos g%-1)](s*+w)2.

The error inequality (2.15) holds with m and D related to each other by

the equation

*2 * 2
(3.19) p = p (5 _*huS *uw tu)
m *2 2
S +w -

In Table 3.1 the values (w,D) are given satisfying (3.18) and (3.19) for
various values of m and S*. All w-values turn out to be in the range (3.16).
By means of this table we can determine appropriate values for m and w when
s* and D are prescribed.

It may be of interest to determine the minimal damping factor D if w
is not required to satisfy (3.18). An elementary calculation reveals that
for given m and S* expression (3.19) decreases as w increases to reach its
minimal value at w = S*. In view of (3.17) the optimal value of w is obvious-

ly given by

w = I[1 + /2% +17.
opt

Table 3.1: (w;D)-values for various values of m and S* with and without

satisfying the consistency condition (3.18).

S =1 m=2 m=3 m=4 w=w
opt

(1.37;37

107>)

10

(1.40;.40) | (1.803.07) | (1.90;.01) (1.94;210-3) (2.00;210—3)
|

2
4
6 {(1.49;.49) | (2.02;.10) | (2.17;.02) (2.23;410—3) (2.30;410—3)
8
0

1 | (1.15;.15) | (1.29;.01) | (1.3331073) | (1.3437
(1.26;.26) | (1.50;.03) .(1.56;410—3) (1.5834

107>)

~4) (1.62;410—4)

(1.555.55) | (2.205.12) | (2.395.03) | (2.4636,,-3) (2,566, ,-3)
(1.605.60) | (2.365.15) | (2.595.04) | (2.6739,,=3)| (2.79;8, -3)
50 | (1.87;.87) | (3.84;.41) | (4.67;.16) | (5.025.06) | (5.52;.05)

00 [(1.93;.93) | (4.58;.55) | (5.99;.26) (6.63;.11) (7.59;.10)




The last column*of Table 3.1 contains the (wopt;D)—values for m = 4 showing
that even for S as large as 100 the damping factor D is hardly better by
choosing w = wopt’ (For m < 4 the damping is slightly weaker if the consis-
tency condition (3.18) is imposed.) Hence, in practice we may proceed as

follows. For given values of s* and D we approximate the corresponding value

of w by wopt and determine m by (3.19), that is
-1
]/ *
m = [arccosh(l + 2 l—i——%g—tl>] arccosh %
(3.19") S
1/4 .
= .42[8*] / In % as D «1 and S* >1,

Next the correct value of w is found by solving (3.18) and finally we check
whether the damping factor D defined by (3.19) is acceptable.

A comparison of (3.19') and (3.9) reveals that the number of iterations
m, of the one-stage operator and the number of iterations m, of the two-
stage operator, needed to produce the same damping D, are related by the

formula
*
as D]l and S >1.

* . . .
Thus, even for S = S, the two-stage formula is usually much more efficient.,

We conclude this section by writting down explicitly the integration
method obtained for the two-stage operator (3.11). From (2.3), (2.5) and

(3.11) it follows that the scheme can be simplified to the form

j+1 j j—1 ~—1 .
(3.20) gD (uj-xj)y(J) + (I—uj)y(J ) NETE i=0nm,
Again using (3.11) yields

(3.20'a) yU*D o (Uj—Aj)Y(J) ¥ (I-Uj)Y(J_I) P 50,0,

where y. is to be computed by solving the system




* *
wy® + (I-w)y - bOTVF(tn+1,y.,y ) =1,
3.20'b)
wy* + (l-w)y(J) - bOTvF(tn+1,y(J),y*)==Z.

s we already observed, the parameters uj and Aj are obtained from the
hebyshev recursion formula, i.e.

T. 2u.
J(WO) M

A _b+a Pi=1,2,..

‘ ' T e = —
3.20 C) j b+as WO b_a’ J

=§(b+a)k0=1, u. =2w

u T
0 j 0 Tj+1(w0)

here a and b are given by (3.14). We remark that for S° = O the scheme |
‘educes to the multistep splitting method analysed in [3]. (By virtue of
3.18) s¥ =0 implies that w = 1, D = 0, a = b = 1 and hence My o= Aj = 1
thich leads to [3, scheme (3.3)].)

t.1.3., Multistage approximations

Next consider the operator E;l: % -+ y defined by the E—stage formul:
‘compare similar operators employed in linear elliptic equations e.g. in
12, p.5181)

* 1)
ye = (3
* —% v —% B
w;y; + (dmw)y; | = ber F(t 5y,5y; ) =2
:3.21) 9 i = 1,2,--
—% * v — _
Wiyt ey T bgUE(E Y pYi ) =2
*
y = Yﬁt

[he corresponding iteration matrix is given by
1

~=loy - _ -1 _ =1 _ _
(3.22) L' L' =1 igﬁ[wi le [wi 22] [wi 1+Z2][wi l+22]

vhich can be written in the form (2.9) with

m w, =1 2
(3.23) o, =1 =T ( >, r=v

. w.
1=1 i




nd B(t) uniformly bounded in t. Assuming that the parameters W, satisfy the
nequality (3.16) and restricting our considerations to the same class of

odelproblems as in the preceding section, we find that

L L 2

wl S+m2 P = wg

3.24) b<1 +

w, =1 S=w_ +1 S—w.+142 2w -1
1 ~
[ ] = as S > o,
1=%

S+w.
i
here % is such that (mz—l)/w2 is maximal., We define a by (2.11) and put
2w.-1

3.25) b = max ———.
. w.
1 1

he damping region a < a(zl,zz) < b in the (zl,zz)-plane contains the region
efined by

wi—1+22

w.—z
i 2

m
3.26) us
l=

< Vl-a, L =1,2,

'e now use the following lemma.

EMMA 3.1, In the interval A < x < B the function

m x-0. —_—

b 6o = M —2 e =B[E

a >
i=1 x+6i’ i B > 0<A<B, m=22

s bounded by
1 -
1-C_q2 r—
m _ rA2(m-1
[1'+C'm] 3 Cm - [B] ®

ROOF. See YOUNG [12, p.528]. [

The parameters ei were proposed by WACHSPRESS [10]. We apply this lemma
rith

'hus, if

m—1

ST
3.27) w, = 4 +s )T L i=1,2,...m202,
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:hen,

-1

w;=l+z TE=T)

|_1+Cﬁ

L

[ §= )

<

2
, ] ,  C~ = [28%+1]
i m

w.—2z
12

‘or -8° < z, < 0 (note that the left hand side is bounded by one for all

legative values of Zg)’ Hence, if a is chosen such that

l—Cﬁ 2
3.28) Vl-a = [T:E;] s

o€,

2

- 8Cﬁ(l+Cﬁ)
= —
(1+C5)
‘hen (3.26) is satisfied for all (z],zz) in the square -s* < 2,525 < 0.

lowever, a is also prescribed by (2.11), so that the consistency equation

2 m
8Cﬁ(1+Cﬁ) _ 2 + b(cos m 1)

(1+c;l)4 cos %H 1 +¢C

2
> b=

m

3.29)

thould be satisfied (notice that ay = 1 because W = 1). Here, S* cannot
e chosen freely as in the preceding section. In Table 3.2 a few values of

X . . e
S ,D) are given, where s* satisfies (3,19"). The asymptotic

Table 3.2. (S*;D) values for various values of m and m

with §” satisfying (3.29)

B
I
N
B
[
w
B
[
Ea

m=1](»;1) (w31) (w31)
m= 2| (9;.080) (223;.093) (4805;.094)
m= 3 (3.7;810—3) ( 47;.013) ( 482;.014)

irror estimate (2.15) holds for the (m,D)-values occurring in this table,
In order to compare the efficiency of the two-stage operator and the
wltistage Wachspress operator we consider the number of iterations given

ns

y (3.29) and the quantity mm giving the number of "iterations" of the

*
)resent process, In terms of S and D we have
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I
4(m-1) In %

~ o~ b+a 1, ~ W x
(3.30) mm-—m{arccosh(g:z)] arccosh(D) = 4[ZS ]

as D «1 and S* > 1,

Taking (3.19') and (3.30) as a measure for the computational effort of the
two-stage and multistage methods, we may conclude that the two—-stage approx-
imation should be used if (3.19') &ields a lower value than (3.30). In par-
ticular, we compare the D-values obtained for the two-stage operator for the
same S -value and if the number of iterations equals the value of mm listed
in Table 3.2, Writing m = m,m, the two-stage operator yields values given

by Table 3.2", showing that the two-stage operator has a considerably stronger

Table 3,27, (S*;D) values satisfying (3.18) and (3.19)

for various values of m = m]m2/2
m2=2 m2=3 m2=4
1= (»31) (=31) (=31)
| = ( 9;.008) (223;.05) (4805;.2)
= . -5 . -4 . -3
| (3734, )| ( 4755,07%) | ( 48254, )

. . * .
damping in the same damping region unless S  is extremely large.

3.2, Fractional steps

3.2.1, Two-stage approximations

In this section it will be assumed that the splitting function is of
the special form (cf. [4])
(3.31) F(t,u,v) = f](t,u) + fz(t,v).
Examples of such splitting functions are the LOD splittings [11] and the
hopscotch splittings [1].

]

We define the operator lez LI - y in two steps (cf. (3.11)):




19

*
wy + (l—w)y* - bOTv[f](tn+l,y) + f2(tn+1,y Yl =12,
3.32)
1 *
wy* + 1=y = bpVE, (e, ) = B

otice that the intermediate result y* is obtained by using only a '"frac-
ion" of the righthand side function f(t,y).

A straightforward calculation reveals that the iteration matrix z'_lL'
s identical to (3.12). Consequently, the analysis of the Sections 3.1.2 and
.1.3 also applies to the approximation (3.32) if Z, and z, are understood
‘0 be the Jacobian matrices of borvf](tn+],y) and bOTsz(tn+l,y), respec-
ively.

VERWER [8] studied the special case where w = 1, I = Yoo V= 1, b0 =1
‘backward Euler) and where F(t,u,v) corresponds to an LOD splitting [11],
lowever, in that case only eigenvectors of lowest frequency are damped, and
ust as in the case of multistep splitting methods considered in [3], the
onvergence turns out to be rather poor. VERWER therefore proposed the appli-
.ation of line Jacobi iteration after each LOD iteration in order to damp
:igenvectors of higher frequencies which indeed improves the rate of con-

rergence [9].
-» STABILITY

We recall that we want a relatively low number of iterations and con-

y(m) may considerably differ

iequently the stability properties of Yoe] =
‘rom those of the exact solution n of the linear k-step formula (1.3).
‘herefore, we investigate the sensitivity of Yo against perturbations Ayn
»f previous yn—values.

Our eonsiderations will be confined to methods based on the two-stage

yperator (3.11). It is convenient to write le as the operator K: (y(J),Z)-+y.

hen (2.3) assumes the form (cf. 3.20))
4.1) Y(jH) = (UJ_AJ)Y(J) + (I_Uj)y(j_]) + AjK(Y(j),Z),

there we used (2.5). Denoting the Jacobian matrices of K with respect to

:he successive arguments by Ki and Ké we obtain the variational equation




0

%4.2) ayG*D o [uj-Aj+AjK;]Ay(j) + (1—uj)Ay(j") + A[Rp0T,
'rom (3.11) it follows that
K} = [0-2,17 [1-u-z,Jlw-2,17 [1-u-2, ]
K} = [m—zlj"tx-tl—w-ézjtw—zzj'lj
jo that
4.2 ayUTD o T - D7 2ay 3 (-upay 7D LT,

there E'_]L' is given by (3.12).

We now use the following lemma (cf. [5]):

EMMA 4.1. For arbitrary vectors u, and A the recurrence relations

4.3) Vj+] = [uj—kja]vj + (1--uj)vj_1 + Ajuo, j =0

.8 satisfied by

4.4) vy = By(@vg + Q(@)ug,

‘here Pj(a) 18 defined by (2.6) and Qj(a) by

1 —Pj(a)
Qj(a) =—'_a_——o

ROOF. By substitution of (4.4) into (4.3). [

Applying this lemma to (4.2) leads to the variational equation

RS 0)

1
BT+ QRS

_ o~y _ _ _ -1 . -1 o
4,5) A=L""1L"= Qu-1I[w Z]] [w ZZJ [I Z, 22],

K} = (zm—1>[w—z13"[w—z21‘1.
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o1. Stability analysis for model problems

In this section we assume that Z and w—Z. share the same eigensystem

o

7ith eigenvalues z and Zge Assuming that y is computed by a formula of

:he form

4.6) 70 =
2

[a

1 azyn+l—2 )]

I &~

NAY
CILAESCIVRNPE) AT

ind substituting I into (4.5) according to (1.3), we arrive after m itera-

:ions at the characteristic equation - b
~ a ——Ji(z +z,)
.k b, TS A
4.7) T o= QZ]{Pm(a){ai-EB(zl+22)] + [1-—Pm(a)] - (zl+zz) }C ,

there a is given by

(2w—1)(l—z]—zz)

(w-zl)(w-zz)

(4.8) o =

Ve define the stability region by the set of points (zl,zz) where (4.7) has

Lts roots on the unit disk.

An important class of methods uses extrapolation formulas for y(o),
L.e. 62 = 0 for 2 = 1(1)k, and back differentiation formulas for I, i.e.
> = 0 for 2 = 1(1)k. Then (4.7) reduces to
k a
4.7" K= T4aP () + —2T1-P (a)1bc" %,
0=1 2 m l—zl—z2 m

In order to illustrate this characteristic equation we derive the
stability regions of two well-known iterated integration formulas for first

order equations.,

EXAMPLE 4.1. Consider Euler's backward formula as the generating formula,

i.e, k =1 and a, = 1, and y(o) =y, as predictor formula, i.e. 51 =1,

Evidently, the stability region consists of the set of points (z],zz) where

1 =P (a)

m .
(4.9) lCl = Pm(a) + Tﬁ:;:f:;; <1,




or z,,z, < 0 this yields the inequality

2 -z, -z

Z21% 2y

L P (o) <1

thich is satisfied if 0 < a < b (see Figure 3.2). Since a < o < b and
. >0, b<b provided w > 1 we find that (4.9) is satisfied for all negative
3 and Zye Furthermore, by virtue of (2,16) the method is first order con-

iistent.

XAMPLE 4.2. Next we consider the tworstep backward differentiation formula
.s the generating formula, i.e. k = 2, a, = 4/3, a, = -1/3, and the predic-

(0)

or formula y = 2yn-yn_l, i.e. 51 = 2, 52 = -1, to obtain the charac-

leristic equation

, 4L1-P_(a)] =Py ()
- - {zpm(u) +§TT:E::E;7 }c + {Pm(a) + 3(]—zl—z2)} = 0,

'his equation has its roots on the unit disk if

3(zl+22) -8
B TCRT Y < Pm(a) <1,
1 72
hich is certainly satisfied for all negative z and z, if —% < Pm(a) <1,

'rom Figure 3.2 and the discussion in the preceding example it follows that
‘his inequality holds if w = 1 and D < %. Using Table 3.1 we can determine
itable values for (m,S*). The order of consistency equals 2 according to
2.16) . We remark that D is not restricted if the predictor y(o) = y_ would
e used, g
Generally, the root condition for the characteristic equation (4.7) is

atisfied if the polynomial Pm(a) satisfies the condition

4,13) -D. <P (a) £D 0<D, £D

1 < Py 22 1 <1

2

or a < o < b, From Figure 3.2 it is clear that this condition is satis-—
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IA
o

4.14a) D <

4,14b) o > a where Pm(z) = D2

)r in terms of the eigenvalues z, and z, (compare Figure 3.3)

1

4.,14"a) D < D,

:4.14'b) Zi > _w(l"“‘l—a)""l , . 2.
1 -/1-% ,

Condition (4.l4a) can always be satisfied by choosing D sufficiently
small (at the cost of additional iterations (cf. (3.19'))). Condition
‘4,14b) is in fact a condition on the integration step; from the definition

£ z, and Pm(a) it follows that

4.14") D
B = w(l+v1-3) -1 , a = 5 2w =] [1+wcos£1—(w—1)cosh(£iarchféd
bo (1 =VT=3) w” (cos E%* 1) m

'he quantity B is usually called the real stability boundary.

For smooth problems the stability condition (4.14a) seems to be the
nost important one, because violating this condition means that instabili-
:ies are developed in the Zow fequency components of the solution (recall
:hat these components correspond to eigenvalues o in the damping interval
‘a,bl). If (4.14a) is satisfied but (4.14b) is not, then instabilities are
leveloped only in the high frequency components of the solution. Since we
issumed the solution to be smooth these instabilities will not directly
cuin the numerical solution. Moreover, the characteristic roots do not

increase polynomially with z, and z, as the region of instability is enter-

1 2

ad, a situation which occurs in explicit methods (all coefficients in (4.7)
ire bounded as 21529 -©), Therefore, the effect of instabilities due to
too large a time step can be removed by now and then performing a smoothing
»peration on the numerical solution Ve In a forthcoming report numerical
axperiments will be presented where the effect of violating condition

(4.14b) is illustrated.
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